There has been recent interest in showing that real networks, designed via optimization [7] , may possess topological properties similar to those investigated by the Network Science community [2], [17],
I. INTRODUCTION
The Network Science community has largely dedicated its efforts to the exposition and analysis of topological properties that occur in several real-world networks; e.g., scale-freeness [2] , [17] , [6] , [1] . Recently, there has been interest in showing that these topological properties may arise as a result of optimization, rather than some immutable physical law [7] . As Doyle et al. [7] point out, various networks such as communications networks and the Internet are designed by engineers with some objectives and constraints. While it is true that there is often not a single designer in control of the entire network, the network does not naturally evolve without the influence of designers. In each application, the network structure must be feasible with respect to some physical constraints corresponding to the tolerances and specifications of the equipment used in the network. For example, in a system such as the world wide web, a single web-page graph with an arbitrary degree sequence. In this paper we formulate an optimization problem to calculate the price of anarchy of stable graphs for this network formation game.
II. PRELIMINARY NOTATION AND DEFINITIONS
Let N = {1, 2, . . . n} be the set of nodes in a graph. A graph g is a set of links (set of subsets of N of size two) and g N is the complete set of all links. Denote G as the set of all graphs over the node set N , that is, G = {g : g ⊆ g N }. Let η i (g) : G → R denote the degree of node i in graph g and η(g) : G → R n be the degree sequence of the graph g; i.e., η(g) = (η 1 (g), η 2 (g), . . . , η n (g)). Let 
We define a graph g to be the closest in l norm to degree sequence d if it is a graph in G with a degree sequence that is the minimum l norm distance to d of all graphs in G. Naturally, this graph may not be unique. That is, g is a closest graph to degree sequence d if:
III. NETWORK GAME NOTATIONAL PRELIMINARIES
We follow the notational conventions common in this this body of literature [12] , [8] , [10] .
The value of a graph g is the total value produced by agents in the graph; we denote the value of a graph as the function v : G → R and the set of of all such value functions as V . An allocation rule Y : V × G → R n distributes the value v(g) among the agents in g. Denote the value allocated to agent i as Y i (v, g). Since, the allocation rule must distribute the value of the network to all players, it must be balanced; i.e., 
and
Pairwise stability implies that in a stable network, for each link that exists, (1) both players must benefit from it and (2) if a link can provide benefit to both players, then it in fact must exist.
Jackson notes that pairwise stability may be too weak because it does not allow groups of players to add or delete links, only pairs of players [10] . Deletion of multiple links simultaneously has been considered in Belleflamme and Bloche [3] . Previously, in [13] we extend work [11] and [8] , showing that stable networks may be formed as a result of a link formation game with an arbitrary (desired) degree sequence.
. . , d n ) be a desired degree sequence for n players in the node set N . Assume that Player i wishes to maximize objective
has a minimum at 0. Let v be the balanced value function induced from the allocation rule 
IV. PRICE OF ANARCHY -AN OPTIMIZATION APPROACH
When networks form as a result of selfish competition among nodes, the resulting stable network may not, in fact, be system optimal. It is possible that a stable configuration is achieved in which each node does worse than if a central planner had optimized the system. The resulting loss is called the price of anarchy. We may calculate the price of anarchy as the result of two optimization problems. Denote by ρ the price of anarchy which may be defined as:
where G is the set of stable graphs and g * ∈ G is a graph with the lowest possible total value.
We will formulate two optimization problems: (1) to find max g ∈G i Y i (g ) and (2) to find
A. The Worst Stable Graph
In this section, we define an integer program to find the stable graph with the worst total allocation for the players involved in the game. The feasible region of this integer program will be the set of stable graphs. Since each allocation function
f i : R → R is convex with a minimum at d i , we can define stability directly in terms of degree (i.e. rather than using the allocation function). For any graph g ∈ G on nodes N = {1, . . . , n}
we may define the binary variable x ij so that an edge exists between nodes i and j if and only if x ij = 1. As a consequence, we may construct a graph g corresponding to binary assignment of values to variables x ij (i ∈ N , j ∈ N ). For the remainder of this paper, we will assume that x ii = 0 for all i ∈ N and thus x ii may be safely removed from all expressions. If g is constructed in such a way from a value assignment to the variables x ij then we will say that g is generated by these variables and their assigned values.
Lemma 3. A graph g generated by a set of binary variables x = x ij with value function v and
where f i is convex and has a minimum at d i is pairwise stable if (and only if):
Proof: This definition is immediate from inspection.
The conditions for stability can be rewritten as: 
Proof: For a graph x = x ij and degree sequence d, the slack vector s and its binary counterpart z will be invoked by constraints 4,6, 7, 8, and 9.
Suppose the forward implication is not true. That is, suppose x = x ij is not stable, but Similarly, l =j x lj = d j implies that s j = 0 and then z j = 0. Since, z i = 1 and z j = 1, this is a contradiction.
Theorem 5. The stable graph x = x ij with degree sequence furthest from d in l norm can be found using the integer program:
Proof: Since a graph that violates the constraints is not stable, by Lemma 4, it is almost immediate that any graph must either:
1) violate the constraints and not be stable 2) obey the constraints and have an objective less than the optimal solution (worst graph), so it is not the furthest from d
3) obey the constraints and have an objective equal to the optimal solution (worst graph) and be one of the non-unique optimal solution graphs (worst graphs)
The theorem states that a graph that satisfies the constraints (a graph that is stable) and maximizes the objective (has degree sequence furthest from d in l norm), is optimal (is the solution to the math program). This statement is immediate.
Since the graph g is represented as x = x ij , the degree of node i can be interchangeably defined using the equivalence η i (g) = j =i x ij . Constraint 4 implies that
The worst graph is hence the graph that maximizes i f (s i ).
Corollary 6. The stable graph x = x ij with the worst total allocation among players can be found using the integer program:
Proof: After incorporating the payoff for each player as a function of their slack f (s i ), the integer program (11) follows directly from the integer program (10)
Remark 7. Since f (s i ) is convex with a minimum at s i = 0, the minimizer of f i (s i ) is equivalent to the minimizer of s i . Note that there may be different ways to define the worst graph, here we assume all players are equally weighted. As a result, the integer program (10) should prove to be more useful as it measures the distance between the graphs and not how that is valued by the players (which can be added to the objective afterward).
B. The Best Graph
In this section, we define an integer program to find the graph with the best total allocation for the players involved in the game. Note that we are not necessarily looking for a stable graph, so the feasible region is the set of all graphs. This will provide a baseline to evaluate the worst price that may be paid for selfish competition (e.g. the Price of Anarchy).
Previously, there has been work on generating graphs with an arbitrary graphical degree sequence [4] , [15] , [5] , [14] . However this literature is mainly concerned with the algorithms to generate a graph for a graphical degree sequence. Here we seek to find the closest graph to any degree sequence (graphical or not) and we use an optimization formulation to do this.
We formulate a math program by defining the feasible region as the set of all graphs and then minimizing the distance between the arbitrary degree sequence d = {d 1 , . . . , d n } and the degree sequence of a graph in the feasible region.
This non-linear optimization problem may be reformulated as an integer linear programming problem: min
Theorem 8. The graph generated by an optimal solution to the integer program:
is a closest graph under the 1 -norm to a graph with degree sequence d = {d 1 , . . . , d n }.
Proof: Let g be the graph generated by an optimal solution x * = x * ij to Problem (13) and suppose further there is another graph g on n nodes so that
Now construct another assignment of values to the variables in Problem (13), which we denote by x = x ij . This implies that
where the left inequality is an implication of (14) and the right inequality is an implication of the x * being a solution to (13) . Finally, (15) contradicts our assumption that x * = x * ij was an optimal solution to Problem (13) . Now, the price of anarchy is simply the ratio of the objective function value from the worst graph (Problem (10)) to the best graph (Problem (13)).
V. NUMERICAL EXAMPLE
Suppose that we want the degree sequence of a stable graph that results from playing the game described in Theorem 2 to have a power law degree distribution. We embed this into the objectives of the players, so the resulting graph has the proper distribution. Let n = 35 players attempt to minimize their cost function The distribution of values of k i forms an approximate (with rounding to integers) power law distribution as illustrated in Figure 1 .
We can now solve the integer program (11) to find the graph with the worst allocation among players that will go into the numerator of the Price of Anarchy. The resulting graph is illustrated in Figure 2 . Figure 3 compares the degree distribution of this worst graph to the k i values. Next, we will solve the integer program (13) to find the graph with the lowest overall allocation. The resulting graphic solution is shown in Figure 4 . Now, we can calculate the price of anarchy: 2) Calculate the objective value of Best Graph.
3) Calculate Price of Anarchy as the ratio. 
Alternatively, in the best graph, all nodes have their targeted degree. That is j =i x ij = k i and
The price of anarchy is calculated as the total objective of the worst graph (33 nodes) * (2) + where s i is a non-negative integer slack variable. Note that negative slack (s i < 0) would imply j =i x ij > d i , which is not stable because node i could increase their payoff by dropping at least one link. To code the slack variables as binary, we use binary variable z i :
where M i is a large parameter. Constraint (16) enforces Conditions (17):
Note that when z i = 1, Constraint (16) implies 1 ≤ s i ≤ M i and since s i is an integer, s i > 0 is equivalent to s i ≥ 1. The first condition for stability (1) requires each pair of nodes that have a degree less than targeted degree to be linked, which implies that if s i > 0 (z i = 1) and s j > 0 (z j = 1) then x ij = 1:
The second condition for stability requires that for each pair of nodes that are not linked together, 
Now the stable graph with degree sequence furthest from d in l norm can be found using the integer program (10).
